
Abstract The recent development in this laboratory of an
automated data capture system, for refractometric optics
on the analytical ultracentrifuge has removed the require-
ment for tedious and time consuming manual acquisition
which had led to a decline in the use of schlieren optics.
At the same time this system has increased the amount of
data easily available from such an optical system with
maintained or increased precision. From the advent of such
a system has arisen the need for a package to facilitate the
analysis of these data and to extend the range of analytical
methods used. Using the improved data sets now available
has also enabled us to successfully use methods which have
lapsed in popularity over the last two decades. We have
also been able to successfully apply radial derivative meth-
ods (Bridgman 1942) which have not routinely been ap-
plied to the analysis of sedimentation velocity experiments
using schlieren optics. In this paper we describe the meth-
ods we have so far used to analyse data and present results
for previously well defined molecules to demonstrate that
the results obtained are reliable.
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Introduction

The aim of this paper is to demonstrate the analysis of cap-
tured schlieren optical images to provide molecular weight
and sedimentation coefficient data. The optical system de-
veloped will not be described in detail. The three main op-
tical systems used in analytical ultracentrifuges (AUCs)
are absorption, Rayleigh interference and differential re-
fractometric (schlieren) optics. In our laboratory we have
developed an on-line image capture system capable of be-

ing used with all three optical systems. For reasons detailed
later we have concentrated upon the analysis of images
from the schlieren optical system.

Traditionally data from schlieren optical systems on the
analytical ultracentrifuge have been captured using tedi-
ous and time consuming microcomparator methods (e.g.
Schachman 1959). The development of the on-line data
capture system means that this is no longer the case and
data from schlieren optical images can be captured much
more quickly and in greater detail than was previously pos-
sible without large expenditures of time.

Instrumentation and software

Our system uses a cooled CCD camera (768×512 pixels,
Photonic Science, with NIH-Image software) to capture se-
ries of images. This image capture system was mounted on
an MSE MkII analytical ultracentrifuge (MSE Instruments,
Crawley, UK). In-house macros written for NIH-Image
capture pixel profiles of the image in a radial direction
which are then processed using our PASCAL algorithm
LINEDEF to give the line from the schlieren image to bet-
ter than pixel resolution. These data are then converted into
dn/dr (in pixel values) versus radial distance (cm) using
pre-defined reference points on the image.

LINEDEF is the major component in this system. 
Schlieren images contain lines whose thickness may vary
considerably and so conventional line-following algo-
rithms may not be stable enough to cope with these images
when run repeatedly. LINEDEF has proven itself able to
comply with these criteria. The desired area of the image
captured is taken as individual columns of pixels. These
are fed into LINEDEF column by column as y-position ver-
sus intensity. The position of maximum intensity in the line
(shown as a peak) is found by fitting order 2 polynomials
to the region defined by the user using the y-position of
the peak maximum and the half-width of the peak. This en-
ables determination of the peak maximum y-position to
better than 0.1 pixel resolution. Using the data from the
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previous fit LINEDEF then searches the next image slice,
using the previous half-width and y-position data to define
the search area within this slice. In this way LINEDEF is
able to follow a line of varying thickness very well.

The second part of this work has been to devise a suite
of algorithms for analysis of the data obtained from the on-
line image capture system using a standard spreadsheet/-
curve fitting package with which it is comparatively sim-
ple to mathematically manipulate the data and use least
squares fitting routines to provide sedimentation coeffi-
cient or molecular weight information as required.

For sedimentation velocity we have implemented sev-
eral methods for analysis: transport (or moving boundary),
second moment and radial derivative g(s*) (see Bridgman
1942). The radial derivative for g(s*) was chosen instead
of the time derivative (Stafford 1992) as a schlieren image
is a radial derivative image ((dn/dr) vs. r) and so this greatly
reduces the amount of data processing needed. This does
have the disadvantage that it does not remove time inde-
pendent noise as with the time derivative method. How-
ever, this is not critical with the large signal from schlieren
optics when solution concentrations of >0.5 mg/ml are em-
ployed.

Standard algorithms for non-linear least-squares curve-
fitting of concentrations as a function of radial position for
sedimentation equilibrium absorption data were adapted
for schlieren data to obtain z-average molecular weights
and interaction parameters. Algorithms have also been
written to extract weight-average molecular weight infor-
mation from the integral of the dn/dr versus r data, as is
done with interferometric and absorption optical systems.
Previously manual methods of data capture did not yield
sufficient data to apply non-linear least-squares curve-fit-
ting to appropriate mathematical models and consequently
the use of the logarithmic plot (Lamm 1929) was mainly
used. It was not easy to deduce meaningful results for non-
ideal, multi-component and interacting systems from this
plot.

It is also possible to apply the approach to equilibrium
(Archibald 1947) and the mid-point method (Williams
et al. 1958) to obtain weight-average molecular weight
data. The former has the advantage that the molecular
weight information is obtained rapidly as equilibrium does
not need to be attained. The disadvantage of both methods
had previously been that an additional synthetic boundary
experiment is required to obtain the initial concentration
(Klainer and Kegeles 1955). However now differential re-
fractometers of sufficient accuracy are available (in our
system a ATAGO DD5, Jencons instrument is used) cross-
calibration is therefore possible and simple, without re-
course to a synthetic boundary experiment in the ultracen-
trifuge (Chervenka 1969).

Materials

Sedimentation equilibrium and velocity experiments were
performed on the following samples: (a) ovalbumin (Lot

No. 14H7035, purchased from Sigma Chemical Co.). The
solution was made at 6.98 mg/ml in, and dialysed against,
100 mM PBS buffer, (pH 7.25). (b) dextran (Pharmacia
T70, lot 102392), dissolved in 100 mM phosphate chloride
buffer (pH 7.0) at 10 mg/ml. (c) apoferritin (Lot No.
97F81455, purchased from Sigma Chemical Co.) dissolved
in 100 mM PBS buffer, (pH 7.25) at 10 mg/ml.

Data analysis

Pro Fit (Cherwell Scientific Publishing Ltd., Oxford, UK)
was chosen as the curve fitting package as it filled the two
mandatory features required for any software used to ana-
lyse ultracentrifuge data; it is capable of performing non-
linear least-squares curve-fitting and has good publication
graphic capabilities (Lewis 1992). Pro Fit runs on any
Macintosh with system version 7.0 or later. It has a very
powerful and simple PASCAL-like syntax for defining
mathematical functions and data transformation algo-
rithms. Pro Fit can also use externally compiled code hence
allowing the possibility of incorporating existing ultracen-
trifuge analysis programs.

The data captured using the on-line system are presented
in the form of three columns, containing a column of run
details, radial values (cm) and their corresponding dn/dr
values (arbitrary units). The run details column contains
the meniscus position, cell base and rotor speed. The user
can then apply the appropriate analysis macro. The follow-
ing macros are described below and examples of their use
given.

In all cases the Levenberg-Marquardt algorithm is 
used for non-linear least-squares curve fitting. All fits 
are non-weighted, tests with LINEDEF having shown 
that to an adequate approximation the statistical error in
dn/dr estimated was independent of the actual parameter
value.

Sedimentation equilibrium

Lamm Plot

This uses Eq. (1) derived by Lamm (1929)

(1)

when n is the refractive index, r the radial position from
the centre of the rotor, ρ is the density of solvent, M the
molecular weight, ν̄ the partial specific volume, ω the an-
gular velocity of the rotor, R the gas constant and T the ab-

solute temperature. A graph of versus r2 has a 

slope proportional to the z-average molecular weight (Mz).
The data for (dn/dr) vs. radius yielded by our system are
used to produce such a plot and derive Mz.
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Archibald or approach to equilibrium method

The “approach to equilibrium” method first described by
Archibald (1947) enables the molecular weight to be cal-
culated from data obtained during the early stages of the
run using Eq. (2)

(2)

where the subscript m denotes the value at the solution me-
niscus.

The value of concentration at the meniscus cm is ob-
tained from Eq. (3), using cross calibration with a diffe-
rential refractometer calibrated in centrifuge units to give
c0.

(3)

where rp is a radial value within the solution column at
which the dn/dr gradient remains at zero.

Sedimentation velocity

Moving boundary method

A plot of ln(rb) against ω2t (where rb is the radial position
of the sedimenting boundary and t is time) should give a
straight line, the gradient of which is proportional to the
sedimentation coefficient. We obtain these data by plotting
Gaussian fits to the data set from each image to obtain the
peak maximum position. These are then used to derive the
sedimentation coefficient using linear regression. An al-
ternative and simpler approach allows the user to select the
boundary position.

Second moment method

A theoretically more sound method for determining rb is
to use the second moments of the schlieren gradient curves.
Equation (4) is used for the calculation of the radius of the
effective migrating boundary at the second moment posi-
tion (Goldberg 1953)

(4)

from which the radius can be derived mathematically.
For a one component system in which there are plateau

regions (areas of zero concentration gradient) at both sides
of the sedimenting boundary, a plot of ln(rb) against ω2t 
(where rb is the radial position of the sedimenting boun-
dary, ω is the angular velocity and t is time) should give a
straight line where the gradient of the line is the sedimen-
tation coefficient.
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g(s*) Method

Apparent sedimentation coefficient distributions can be
calculated for a data set using the equation derived by
Bridgman (1942). The Bridgman equation (5) for g(s*) de-
rived from (dn/dr) values is

g(s*)r = (dn (r, t)/dr) (ω2 rt) (r/rm)2 (5)

The asterisk indicates that in experimental conditions the
diffusion coefficient is not equal to zero. Hence the distri-
butions computed using this equation are the apparent dis-
tributions. The equation is structured for radial derivative
data which is exactly the form of the schlieren image. The
apparent value of s* is computed at each position in the
boundary using Eq. (6).

s* = ln(r*/rm)/ω2 t (6)

Various methods of extrapolation of apparent distributions
to infinite time to eliminate the effects of diffusion have
been developed (Baldwin and Williams 1950, Gralen and
Lagermalm 1951, Van Holde and Weischet 1978 and Staf-
ford 1992), but are not as yet implemented by us.

The calculations require the input of time to first im-
age, image interval and number of images. Using data pro-
vided by the data capture system, a spreadsheet is com-
puted containing a series of columns of s* versus g(s*) for
each set of r versus dn/dr data. A maximum of twenty im-
ages can be processed simultaneously. s* versus g(s*) can
be plotted and (multiple) Gaussian distributions fitted to
obtain the apparent sedimentation coefficient at the max-
ima. Assuming all species are conserved and the concen-
tration gradient in the plateau is zero, the weight average
sedimentation coefficient can also be obtained using the
integration shown in Eq. (7)

(7)

There remains however the problem of baseline sub-
traction. Significant redistribution of buffer salts etc. can
occur during a sedimentation velocity experiment thus
changing the dn/dr profile of solution versus solvent. This
must be accounted for to obtain true dn/dr versus radius
data for the sedimenting species. One method for this
would be the use of double sector cells where one sector
contains only solvent. The dn/dr versus radius data for the
solvent can then be subtracted from the equivalent data set
for the solution. This method is unavailable to us at present
as in the region of the solutions near to the meniscus, once
solute depletion has occurred, a single line will be pro-
duced from both sectors of the cell. This line will diverge
at the region of the sedimenting boundary. LINEDEF is
unable to deal with this situation at present and will not
produce the separate traces of dn/dr. Our current practice
is to use the dn/dr from the centre of the solution column
as a baseline value, however we are in the process of de-
vising a simple ‘background stripping’ algorithm which
will be implemented when finished.
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Results

Figure 1 shows the processing of an image from a sedi-
mentation equilibrium experiment with ovalbumin cap-
tured using schlieren optics. The native molecular weight
of ovalbumin is 45,000 g/mol. The value of Mz obtained
from the Lamm equation is 39,700 (SD = 170) g/mol. The
apparent molecular weight at the concentration used will
be lower than the ideal (formula) mass by an amount which
can be computed to a reasonable approximation as the sum
of the excluded volume and charge terms. The former has
a value of 8 ml/ml for compact spheres, and about the same
numerical value (8–9 ml/g) for globular proteins, if we as-
sume their effective swollen partial volume to be in the
range 1.3–1.4 ml/g (Squire and Himmel 1979) and the par-
tial specific volume to be around 0.70–0.75 ml/g. To this
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Fig. 1a–c Sedimentation equilibrium experiment with a solution 
of ovalbumin (6.98 mg/ml in 100 mM PBS buffer, pH 7.25), 20 °C,
rotor speed is 19,740 rpm. The figure shows (a) the original schlieren
image captured after 23 h 36 min, (b) dn/dr versus radius produced
by LINEDEF, (c) a fit of the Lamm equation (–) to experimental data
(p) and residuals to the fit

must be added the charge term, which for ovalbumin in
100 mM neutral salt, with a net charge equal to –9 to –16
(see Tanford 1963), will be in the region 6–15 ml/g (cal-
culated from standard relationships). We may thus take the
sum value for BM, where B is the second order virial co-
efficient as defined for sedimentation equilibrium (= 2B 
if defined in osmotic pressure terms), as having a value 
in the range 14–24 ml/g, (mean 19.5 ml/g). For a protein
concentration of 0.00698 g/ml, the apparent molecular
mass is then predicted to be 45,000/(1 + 0.00698 *19.5) =
39,612 g/mol. Given the residual uncertainty in the precise
value for BM, the uncertainties in degree of glycosylation
and surface charge, and the fact that the average produced
by the Lamm plot is derived from a captured data set which
may not be precisely symmetrical around the point of con-
servation of the initial solute concentration, the experimen-
tally obtained value is in very good agreement with this.
The clear downward curvature of the plot (as seen in the
residuals) is visually indicative of this ‘non-ideality’ of the
system.

Figure 2 shows an approach-to-equilibrium experiment
with dextran, together with the meniscus extrapolation.
From these data we have co = 0.137, cm = 5.630 × 10–3 and
Mw = 22,200 g/mol. Again this result is in the range ex-
pected for such a polydisperse sample as dextran under
these experimental conditions.

Figure 3 shows a sedimentation velocity experiment
with apoferritin. In addition to the monomer, the presence
of a small amount of dimeric protein can be seen in this
experiment. The results from g(s*)(max) give s = 16.537
(±0.006) S for the trailing (left-hand) peak and s = 23.839
(±0.054) S for the leading (right hand) peak. These results
compare favorable to those obtained by the moving boun-
dary method (15.91 ± (0.13) S and 23.64 (± 0.23) S respec-
tively).

Discussion

As can be seen above the data from our image processing
package yield accurate representations of the original im-
ages and can provide data of much higher resolution than



was possible previously with microcomparator methods,
and in a much reduced time. This has enabled us to use a
greater variety of analysis methods and hence much more
information can now be gained from the use of schlieren
optics.

The mathematical manipulations described above are
shown to give greater precision than has previously been
easily possible (between 0.1 and 0.02% of s*max) and give
results which are in very good agreement, both with each
other and with those expected from literature or indepen-
dent experimentation (Clewlow, unpublished data). The
accuracy of the results however, cannot be as good as this
precision, due to uncertainties in rotor temperature and
other factors which are beyond accurate measurement at
present.

This methodology has removed many of the problems
which have reduced the popularity of schlieren optical
systems on analytical ultracentrifuges. The imaging sys-
tem can be adapted to fit almost any analytical ultracentri-
fuge and can be also used with absorption and interference
optics, and the computer software used runs stable, effi-
cient algorithms.

Schlieren optics have several advantages over systems
more commonly used with the AUC: absorption optics are
of inherently limited precision for defining solute distri-
butions in the AUC. The ‘noise’ is of the order of 1% at
best in a single reading of extinction at a given radial po-
sition. The Beer-Lambert law also limits the use of absorp-

tion optics to relatively dilute solutions where the solute
has a useable chromophore. Refractometric optics, which
detect the optical path difference arising from the presence
of solute, need no chromophore and can achieve a preci-
sion an order of magnitude better than absorption optics
(1/300th of a Rayleight fringe in a total increment of 
3 fringes is feasible).

Of the two types of refractometric optics used in the
AUC, namely Rayleigh interferometric and differential re-
fractometric (schlieren), the former have normally been
considered to be of much the higher precision (see for 
example the monograph by Lloyd (1974) and the earlier
papers by Svensson (1954) and others quoted therein).
Schlieren optics have been seen as useful only for work
with higher concentrations of solute, especially for sedi-
mentation velocity studies on such systems, where the dif-
ferential form of the data (i.e. dn/dr vs. r) makes simple
interpretations easier, and where window distortion has,
unlike in the case of interference optics, negligible effects
on the patterns observed.

This view has recently been challenged. Rowe et al.
(1989) have pointed out that a simple relationship can be
derived which connects the Fresnel fringe spacings ob-
served in schlieren optics using a phase plate diaphragm
with the interferometric fringe shifts observed in Rayleigh
optics. This relationship involves a two-fold integration
(schlieren data to Rayleigh data), or a two-fold differenti-
ation for the reverse transformation. Noise in the basic sig-
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Fig. 2a–c Data from an approach to equilibrium or Archibald ex-
periment with a solution of dextran. Rotor speed is 9,600 rpm, tem-
perature is 20 °C. Shown are (a) the original schlieren image after
1 h of sedimentation, (b) dn/dr versus radius produced by LINEDEF,
(c) LINEDEF data extrapolated to meniscus radial position. An or-
der 3 polynomial equation was used for the extrapolation. The me-
niscus position was found from an image taken without the use of a
phase-plate



nal is well known in all numerical work to be much re-
duced/increased respectively by these procedures. Simple
computer simulation (Rowe, unpublished) shows that for
data sets of the relevant size an improvement in signal/
noise ratio of around 10-fold is expected from a two-fold
numerical integration procedure. Thus assuming that the
noise in the Fresnel pattern signal formed from schlieren
optics is no worse than an order of magnitude greater than
the noise in the Rayleigh fringe signal, which is the case,
we can assert that the precision attainable in the quantity
∆n (difference in refractive index between two radial po-
sitions) must be closely comparable in the two cases,
though not necessarily identical. In principle, therefore, a
suitable algorithm for the analysis of a Fresnel fringe pat-
tern of the type yielded by schlieren optics should yield an
estimate for the zeroth order (denoting the value of the
dn/dr) which after integration will yield an estimate for the
refraction increment at any radial position which will be
of a precision comparable to that provided by interfero-
metric optics. A software set based upon these principles
has been written by us (Fresnel Workbench). Unfortunately
it transpires that the scans across a schlieren pattern pro-
duced by a phase plate incorporating, as is normal, a thin
wire of evaporated metal are only a poor approximation to
a true Fresnel function. Probably the compound nature of
the diaphragm is responsible for this fact. Under these cir-
cumstances the precision obtained in estimating the coor-
dinates of the zeroth order fringe was found to be unac-
ceptably low, being little if at all better than that given by
manual methods. The simpler, but very stable, LINEDEF
procedure described above yields a precision which, if
translated into Rayleigh fringe terms, is estimated to be
equivalent to better than f/50. Where high concentrations
(10–100+ fringes) are being used, which is a major point
of the whole methodology, the percentage precision is thus
high, and comparable to good practice automated interfer-
ence work conducted at the usual concentration levels.

Thus it is our conclusion that schlieren optical systems
are of significant value to studies with the AUC and that
our analysis package can greatly simplify the analysis from
these systems whilst increasing precision and data analy-
sis options.
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